Abstract. A group [semigroup] is called E-m if it satisfies the identity (xyf = x"ym. In this paper the author studies a necessary and sufficient condition on m and n for the free E-m group [semigroup] to be homomorphic onto the free E-n group [semigroup].
1. Introduction. Let m be a positive integer greater than 1. Following Nordahl's definition [7] , an E-m [semigroup is a [semigroup which satisfies the identity (called identity E-m) (xy)m = x">m.
Alperin [1] called E-m groups m-abelian and studied the structure. For example, order-bounded groups are E-m groups for some m; commutative semigroups are E-m semigroups for all m. The structure of E-m semigroups was studied by Nordahl [7] and Cherubim and Varisco [2] . Let X be any set with cardinality |A"| > 1, and let F(X) be the free semigroup over X and pm be the smallest E-m congruence on F(X), namely, the congruence of F(X) generated by the relation {(VW)m, VmWm): V, W E F(X)}.
Let Fm(X) = F(X)/pm. Then Fm(X) is called the free E-m semigroup over X.
The free E-m group Gm(X) over X is defined by Gm(X) = G(X)/pm where G(X) is the free group over X, and pm is the smallest E-m congruence on G(X). It is obvious that Fm(X) and Gm(X) are unique up to isomorphism when m and X are fixed.
The purpose of this paper is to prove Theorems 1, 2, 3 below: In Theorems 1, 2 and 3, assume m > 2 and n > 2 in case of groups, and m > 1 and n > 1 in case of semigoups. This does not lose generality since the other cases are obvious. Theorem 1. The following are equivalent.
Theorem 3.
(3.1) Gn(X) is a homomorphic image of Gm(X) if and only if m is congruent to one ofO, I, n, (n -l)2 mod n(n -1).
(3.2) Fn(X) is a homomorphic image of Fm(X) if and only if m is congruent to one of 1 and n mod n(n -1), but m =£ n2 -n + 1.
Theorem 1 is straightforward from Theorem 2, and Theorem 2 is an immediate consequence of Theorem 3. However we will prove here Theorem 2 without using Theorem 3, but using the exponent semigroup of order-bound groups [9] . Theorem 3 is closely related to exponent semigroups and it will be proved by utilizing the recent results by Kobayashi [6] and Cherubini and Varisco [3] . It is interesting that Theorem 2 in case of semigroup will be able to be easily derived from the theorem in case of groups.
2. On Theorem 2. The exponent semigroup E(S) of a semigroup S is the multiplicative semigroup of positive integers m for which the identity (xy)m = x"ym holds in S. Exponent semigroups were studied by the author [9, 10] , Clarke, Pfiefer and Tamura [4] , Kobayashi [5, 6] and Cherubim and Varisco [3] .
The following lemmas are fundamental in this paper.
Lemma 1 [9] . If a semigroup T is a homomorphic image of S, then E(S) G E(T).
Lemma 2. The following are equivalent.
(iii) pm G p". M(ri) is a multiplicative semigroup. Let Nn be the subgroup of the free group G(X) generated by
{V : V E G(X)).
Nn is necessarily a normal subgroup of G(X). Let H = G(X)/Nn and K = G(X)/Nn_x. Then H has exponent n and K has exponent n -1 where "exponent" is in the sense of the group theory, that is, n is the least one of / for which all elements x of H satisfy x' = 1. Now X can be regarded as a subset of H and K since if a, b E X and a ¥= b then ab~l & N" and ab~l £ N"_x. Thus H and K are E-n groups generated by X. Accordingly H and K are homomorphic images of G"(X), hence
by Lemma 1. (This is also obtained from [1] since it was essentially proved in [1] that Gn(X) is isomorphic to a subdirect product of H, K and the free abelian group generated by X although the author of [1] did not state it explicitly.) On the other hand, H is isomorphic to a subdirect product of subdirectly irreducible groups Ha of exponent n (see [8] ), and the author proved in [9] that E(Ha) = M(n). The similar result holds for K. Therefore
We easily see that all elements of M(ri) n M(n -1) except 1 are greater than or equal to n. Now assume G"(X) is a homomorphic image of Gm(X). Then m E E(Gn(X)) by Lemma 2. By the above result, m > n, since m > 2.
If F"(X) is a homomorphic image of Fm(X), then m E E(Fn(X)). Again, consider the groups H = G(X)/Nn and K = G(X)/Nn_x. Since //and Kare periodic, H and K are E-n semigroups generated by X, hence H and K are homomorphic images of F"(X). By Lemma 1, we have
As stated in case of groups, m E M(n) n M(n -1) implies m > n since m > 1.
3. Proof of Theorem 3. First we define notations. Let r be a nonnegative integer with 0 < r < n(n -1). For each r, define P(r) = {x G Z+: x =r mod n(n -1)}.
By Lemma 2, the statements (3.1), (3.2) of Theorem 3 are respectively restated as follows: For simplicity let Gn = G"(X) and F" = Fn(X).
(3.1') E(Gn) = P(0) u P(\) U P(n) U P((n -l)2), n > 2.
(3.2') E(F") = (P(l)u P(n))\{n2-n+ 1}, n > 1.
Proof of (3.1'). From the proof of Theorem 2,
By elementary number theory we have
Recently Kobayashi [6] has obtained By a separative semigroup [8] we mean a semigroup satisfying (i) x2 = xv and y2 = vx imply x = y and (ii) x2 = vx and _y2 = xy imply x = y. Applying Theorem 4 to Gn, s (4) ¿s(G") = fi M{m,)
where m, is a positive integer > 2. Since n E E(Gn), n E M(m¡) for all i -1.s, but this is the case if and only if for each i = I, . .. , s, either m¡\n or m,\n -1. Then (5) P(0) U P(\) U P(n) U P((n -if) G M(m¡) for i = 1, . . ., j.
By (2), (3), (4) and (5), we have (3.1'). Proof of (3.2'). Let V E F(X), V = xf'xp . . . xf* where x, EX (i = 1, . . . , k) and x, =£ x,+1 (/ = 1, . . . , k -1). The first letter xx in V is called the head of K denoted by h(V); the last letter xk is called the tail of F denoted by t(V); xi"' is called the head part of V denoted by H(V), x¡?* is called the tail part The smallest E-n congruence p" on F(X) is described in the proof of Lemma 2. The following is obvious. (iij H(V) = QZ. To prove (3.2') we use the following two lemmas.
Lemma 4 [Kobayashi 5, 6 ]. Le/ S 6t? a semigroup. If n E E(S) then an(n -1) + 1 G E(S) for alla > 2. Lemma 5 [Cherubini and Varisco 3] . Let S be a semigroup. If n E E(S) then an(n -1) + n G E(S) for all a > 0. Let F = F(X), \X\ > 1, and F" = Fn(X) = F/p", n > 1. By Lemmas 4 and 5, we have (P(l)\ {n2 -n + l}) U P(n) G E(F").
On the other hand (1) and (2) yield E(Fn) G P(0) u P(l) U P(n) U P((* -l)2).
We need prove E(Fn) n P(0) = 0, £(F") n P((n -l)2) =0, n2 -n + 1 E E(Fn). Thus F(F") n P(0) = 0. Likewise, since a/i(w -1) + (n -l)2 5* 1 mod(/i -1), F(F") n P((« -l)2) = 0.
Next we want to show (7) (a"1-"+xbnl-n + x, (abf-n+l) E pn for« > 1.
Let Ax = an2~n+xb"2~',+l, and suppose Axan u o"-1^2 for some ^2 e *"• A\ ^A2-We see that the only case (ij described in the proof of Lemma 3 is possible for A,. In case (iv), let Z = ah where n(n -i -1) + 1 > ixn, hence / + /',<«-1. We have A3=Wa,+i¡(b^ai+ir-lWbJ.
In case (v), let U = bi' where n(n -/ -1) + 1 >/,«, hence / + /, < n -1.
Then
A,= Wa¿V+^)n-lWbJ+J.
We can obtain Ak such that A3o" u a~xA4on u a~x . . Finally we consider HJ^A) and F¿(^4). If Axp"A, then, for some /,/ G Z°S ince / < « -1 and/ < » -1, //¿G4) > 1 and T^yf) > 1 for all A G S, hence (a¿>)" ~n+x £ S. By Lemma 3 we have proved (7), completing the proof of (3.2').
4. Remarks. 2) E(S) = (F(l) u P(n)) \ {n2 -n + 1).
Proof. Necessity is due to Lemmas 4, 5. Sufficiency of (5.2) is obtained by (3.2'); case (5.1) was done by Cherubini and Varisco [3] .
